Abstract. We prove that the (two) connections, or commuting squares, on the 
Ocneanu's combinatorial approach, and it also plays a key role in construction of topological invariants of 3-manifolds of type Turaev-Viro [TV, DJN] from subfactors [O4, EK2] . In the case of A-D-E diagrams, Ocneanu announced the following claim [O1] : The connections on A n , D 2n , E 6 , E 8 are flat, but those on D 2n+1 , E 7 are not flat. He has not shown full details of his method, but these claims have been proven by several people [I1, I2, Ka1, SV] . (The claim for A n is easy to verify, and E 6 has been realized by [BN] . Impossibility of E 7 and D 5 is implicit in [P2, Theorem 3.8] .) The classification is thus complete for index less than four, but it is natural to ask what happens in the case of non-flat connection. We have commuting squares even for non-flat connections and hence subfactors. So we have a problem of determining the principal graph. In Ocneanu's terminology [O3] , this is the problem of determining a flat part for a non-flat connection.
In the case of D 2n+1 , we can conclude except for the D 7 case that the principal graph is A 4n−1 by considering only the value of the Jones index. The index value 4 cos 2 π 12 for D 7 is realized for A 11 and E 6 , but by the compactness argument of
Ocneanu [O3, II.6] , we know that the higher relative commutants of this subfactor are contained in the string algebra of D 7 , which eliminates the possibility of E 6 .
The case of E 7 , however, is more subtle. By looking at the index value, we know that the principal graph is either D 10 or A 17 , but it seems that there is no easy way to determine which is the right one. Our object in this paper is to prove that D 10 is the correct invariant. As far as we know, this is the first example of a direct computation of a flat part of the non-flat connection. Our method comes from
Izumi's paper [I2] on the flatness of the E 8 connections.
Cappelli, Itzykson and Zuber [CIZ] and A. Kato [Kt] We will freely use notations and results in string algebra approach as in [E1, E2, Ka1, Ka2, O1, O2, O3, Su] . We first look at the subalgebra generated by the Jones projections in the string algebra of E 7 because the Jones projections are always flat. Then we get a commuting square embedding of two string algebras as in
Because we already know that the connections on E 7 are not flat, N ∩ M k , k ≤ 6, are generated by the Jones projections. So we look at the level k = 7. If we look at the minimal projection orthogonal to the Jones projections in N ∩ M 7
and check its string algebra expression in the E 7 string algebra, we know that it is a sum of three minimal projections and that they are in summands corresponding to the vertices 0, 2, 6 respectively. (We use the preceding embedding graphs for this.) Because this projection is flat, we cut the string algebras making M 7 by this projection and get the following commuting square series, and proceed as in [I2] .
(1.1)
where B 00 ⊂ B 01 ⊂ · · · is the series of string algebras of E 7 starting from the vertex 0 and B 10 ⊂ B 11 ⊂ · · · is the series of string algebras if E 7 starting from three vertices 0, 2, 6. Next we compute the two vertical embedding graphs of (1.1). This is done just by counting the dimensions in the two Bratteli diagrams, and we get the following two graphs. where we used notations 0, 1, . . . , 6 for denoting the vertices of E 7 for the string algebras B 10 ⊂ B 11 ⊂ · · · as in [I2] . §2 Computations of connection matrices Next we look at the series (1.1) and will determine the connection for this series just by studying the graphs, or at least we compute several entries of the connection matrices in a way similar to that in [I2] with the same notation as in [I2] . Of course, there is a connection for the series (1.1) arising from the original connection, but it is very hard to compute that explicitly. We will determine the information that we need regarding the connection from the graphs using gauge choices without considering the original connection E 7 . This was the basic idea of Izumi [I2] . We do not have to determine all the entries completely, so we use the symbol * for entries which we do not determine. Our aim in this section is to prove that after certain gauge choices all the connection entries are given by the following list.
(2.1)
1 1 1 0 In this way, we fix the matrices (2.12), (2.2), (2,10), (2.1), (2.6), (2.9), (2.16), (2.17), (2.18), (2.19), and (2.22) as desired.
By the crossing symmetry Using the crossing symmetry, (2.10), and µ(6)µ(1) µ(3)µ(0) = 1, we get (2.20). Similarly, using the crossing symmetry, (2.2), and µ(6)µ(1) µ(3)µ(0) = 1, we get (2.5). Similarly, using the crossing symmetry and (2.1), we get (2.3).
Next we fill several entries from the determined entries and the crossing symmetry. Using unitarity, we get (2.7) as above. After filling further entries with the crossing symmetry, we get the following expression for (2.15).
where |ω| = 1, and a, b, ω ∈ C.
Using this, first we get the following expression for (2.13).
where x, y, z, w ∈ C. Using the orthogonality of the first and second rows and the fact that the (1, 1)-entry is not zero, which comes from (2.8), we can conclude that w = 0. Then by the orthogonality of the second and the fifth rows, we can conclude that b = 0. By the orthogonality of the first and sixth rows, we next get y = 0.
Then (2.15) is of the desired form. In (2.8), the entry ( 1 4, 3 2 ) is 0, and this implies that the entry ( 3 2, 3 2 ) is 0 by orthogonality of the first and the fourth columns.
Then the orthogonality relations give (2.11) in the desired form. Finally we get (2.14), (2.8), (2.13), and (2.21) in this order, and we are done. §3 Computing the flat part and the Goodman-de la Harpe-Jones subfactor for A 17 and E 7
We look at the following diagram for computing the flat part.
For each choice of vertex e, we determine the vertex a for which the above diagram can have a non-zero value. This is done as in [I2] with the matrices in §2, and we get the following.
(1) If e is 0, then a is 6.
(2) If e is 2, then a is 2.
(3) If e is 6, then a is 0 or 6.
(4) If e is 4 and the vertical edge from 6 to 4 is labeled as 1, then a is 2.
(5) If e is 4 and the vertical edge from 6 to 4 is labeled as 2, then a is 0 or 6.
This shows that the vertical string (0 → 2, 0 → 2) commutes with all the horizontal strings on E 7 starting from the vertex 0, because the horizontal string algebras are generated by the Jones projections and a single projection (0 → 1 → 2 → 3 → 6, 0 → 1 → 2 → 3 → 6). This means that the higher relative commutants arising from the E 7 connections are strictly larger than the string algebras of A 17 . We have thus proved that the principal graph of the subfactors arising from the E 7 connections is D 10 as desired. Note that there are two (mutually non-equivalent) connections on the graph E 7 , but both give the same subfactor, since the subfactor with the principal graph D 10 is unique.
In general, we have the following proposition for the flat parts.
Proposition 3.1. Suppose we have a double complex (A kl ) of string algebras arising from four graphs as in [O3, Ka2] . Set the flat parts
the following is a series of commuting squares of period 2.
Proof. Let e k be the k-th vertical Jones projection in A k+1,0 . Then for x ∈ B k+1 ,
. This gives the conclusion.
Q.E.D.
From this general statement and the above computation, we can conclude existence of a commuting square which embeds the string algebra of D 10 from * to the string algebra of E 7 from * . By direct computations, we can see that the two graphs for embedding are also D 10 and E 7 respectively in this case.
Goodman, de la Harpe, and Jones [GHJ, §4.5] constructed subfactors from commuting squares embedding the string algebras of A n from * to the string algebras of other A-D-E graphs, and Okamoto [Ok] computed the principal graphs of these subfactors. In the case of E 7 with the choice of * as the starting vertex, the above result shows there is an intermediate subfactor for the Goodman-de la Harpe-Jones subfactor. Their numerical index value [GHJ, Proposition 4.5.2] Tables II, III] .
Dijkgraaf-Verlinde [DV] studied the relation between off-diagonal modular invariants and non-trivial automorphism of the fusion algebra of conformal field theory.
They further discussed the following E 7 pairing in [DV, . The partition functions labeled by D 10 and E 7 are given as follows.
Both have the same chiral algebra containing the SU (2) k=16 KM-algebra and the characters are given by χ 1 +χ 17 , χ 3 +χ 15 , χ 5 +χ 13 , χ 7 +χ 11 , χ 
